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Introduction 

The main purpose of this paper is to classify irreducible integrable modules 
for the twisted full toroidal Lie algebra under certain technical conditions. 
The twisted full toroidal Lie algebra in several variables is dehned using sev¬ 
eral commuting hnite order automorphisms of the underlying hnite dimen¬ 
sional simple Lie algebra g. The result of this paper generalizes the main 
theorem of [F J], where they consider only one automorphism. 

The twisted full toroidal Lie algebra is a natural genaralization of the clas¬ 
sical twisted affine Lie algebra. The classical procedure of realizing twisted 
affine Lie algebras using loop algebra in one variable proceeds in two steps 
[K]. In the hrst step, the derived algebra modulo its center of the affine Lie 


algebra is constructed as the algebra of a diagram automorphism of a hnite 
dimensional simple Lie algebra. In the second step the affine Lie algebra is 
built from the graded loop algebra by forming universal central extension 
(one dimensional center) and adding graded algebra derivations (are dimen¬ 
sional) . 

The replacement of derived Lie algebra is multiloop algebra (Sec. 1.5) in 
several variables twisted by hnitely many automorphisms. Then we consider 
the Universal central extension of the multiloop algebra (inhnite dimensional) 
and add graded algebra of derivations (inhnite dimensional) which we call 
twisted full toroidal Lie algebra and denoted by r. 

In this paper we classify irreducible integrable modules for r with hnite 
dimensional weight spaces with non-zero central action and with some tech¬ 
nical conditions that are satished for the well known Lie algebras called Lie 
Torus. See [ABFP]. 

The contents of the paper are the following. We hx an irreducible inte¬ 
grable module for r with non-zero central action. 

The central operators act as scalars. Upto choice of co-ordinates (in other 
words upto an automorphism) we can assume that Kq acts as Co > 0 and 
Ki acts trivially for i ^ 0. In the hrst main Theorem 5.3 we prove that V is 
an highest weight module with some natural triangular decomposition 

r = r“ © 

Let T be the highest weight space which is an irreducible ro-moduIe(Proposition 
6.2) and naturally Z""- graded. In Sections 7, 8 and 9, we describe T as Tq- 
module. We noticed that some parts of tq acts as scalars and hence we only 
consider a subalgebra L (See 7.3) for which T is irreducible. We also consider 
a certain subalgebra L of L (See 8.1) and consider a certain hnite dimensional 
quotient V of T, which is L-module. Our approach is to describe V as L- 
module and obtain T as L-module. 

In the process we dehne an L-moduIe L{v) (See 8.4) and prove L{V 
) naturally decomposes into L-modules ( See notes after Lemma 8.9 and 
8.10). We prove one of the component is isomorphic to T. We also prove in 


Theorem 8.17 that V is irreducible L-module if and only if L(V) decomposes 
into mutually non-isomorphic irreducible L-modules. In this case T can be 
identified in a natural way as a component of L{v)- In the case V is reducible, 
we prove that V is completely reducible as L -module and all components 
are isomorphic (See Proposition 8.27). In this case also T is a submodule 
of L{v) but the inclusion is twisted. In the rest of the paper we describe 

O 

each component of V. It turns out to be an irreducible module for gin® 0 

O 

(Theorem 9.4). See 7.5 for the Definition of 0 . We will indicate in 9.6, given 

O 

an irreducible module for gin® 0, how to obtain a module for L and thereby 
for tq. In the Theorem 9.7 we will state our final result that the original 
module V is an irreducible quotient of an induced module of T. 

1 Notation and Preliminaries 

Throughout this paper we will use the following notation 

(1.1) All vector spaces, algebras and tensor products are over complex num¬ 
bers C. Let Z, N and Z_|_ denote integers, non-negative integers and 
positive integers. 

(1.2) Let 0 be a finite dimensional simple Lie algebra and let (,) be a non¬ 
degenerate symmetric bilinear form on g. We fix a positive integer n. 
Let (To,cri,--- , cr„ be commuting finite order automorphisms of g of 
order tuq, mi, • • • , m„ respectively. Let m = (mi, • • • , m„) G I®. Let 
k = {ki, • • • , kn) and I = (/i, • • • , /„) denote vectors in Z". 

(1.3) Let r = miZ © • • • © m„Z and Tq = moZ. Let A = Z^/T and 

Ao = Z/Tq. Let k and I denote the images in A. For any integers ko 
and /q, let ko and Iq denote the images in Aq. 


Let 


A 


An 

A(m) - 

A{mo,m) 

(1.4) For k e Z"-, let G An- Let klA be the vector space 

spanned by symbols tQ°t^Ki, 0 < i < n, fco G Z, /c G Z”. Let dA be the 

n 

subspace spanned by 

i=0 

Let L{q) = g 0 a and notice that it has a natural structure of a Lie 
algebra. We will now dehne toroidal Lie algebra 

L (g) = L(g) © VtA/dA. 

Let X (fco, k) = X ® and Y = Y ® for X,Y G g, ko, /q G Z and 
k, I G Z". 

(1.4.1) [X{ko, k), Y{lo, 1) = [X, r](/o + ko,l + k) + (X, Y) E 

(1.4.2) VtA/dA is central. 

It is well known that L (g) is the universal central extension of L(g). 
See [EMY] and [Ka]. 

(1.5) We will now dehne multiloop algebra as a subalgebra of L(g). See 
[ABFB] for more details. For 0 < i < n, let be a mjth primitive 
root of unity. 

Let 

g(fco, k) = {x e Q\aiX = 0 < i < n}. 

Then dehne 

^(0W)= 0 g(fcoJ)®to“t^ 

(fco,fc)eZ"+i 

which is called a multiloop algebra. 

(1.6) The hnite dimensional irreducible modules for L(g,cr) are classihed by 
Michael Lau [ML]. 


(1.7) Suppose P)i is a finite dimensional ad-diagonalizable subalgebra of a Lie 
algebra 0 i. We set for a G 

01 ,« = {a; e Qi\[h.x] = a{h)x, h G l)i}. 

Then we have 

01 = ^^01,a- 

aehl 

Let A(gi, f)i) = {a G f)i| 0 i,a 7 ^ 0}, which includes zero. 

Let A^( 0 i, f)i) = A(fli, l)i)\{0}. 

(1.8) We will now dehne the universal central extension of L{Q,a). Dehne 
QA{mo,m) and dA{mo,m) similar to the dehnition of VlA and dA by 
replacing A by A{mo,m). Denote Z{mo,m) = QA{mQ,rn)/dA{rno,rri) 
and note that Z{mQ,m) C QA/dA. 

Dehne 

L ( 0 , cr) = L{q, a) © Z{mQ, m). 

Let X G g(fco,/c) and Y G g(lo)0 and let X{ko,k) = A © tQ°t^ and 
Y{lo,l) = r Dehne 

(1.8.1) [X{ko, k), Y{lo, /)] = [A, Y]{ko + lo,k + l) + (A, Y) ^ 

( 1 . 8 . 2 ) Z{mQ,m) is central. 

Notice that (A, D) 7 ^ 0 ^ /c + / G L and ko + lo G Lq. This follows from 
the standard fact that (,) is invariant under Uj for 0 < z < n. This 
proves that the above Lie bracket is well dehned. This Lie bracket is 
nothing but the restriction dehned in (1.4). 

(1.9) Proposition L (g, c) is the universal central extension of L(g,cr). See 
Corollary (3.27) of [JS]. 


2 


Derivation algebra of v4(mo, m) and its ex¬ 
tension to Z(mo,m). 

(2.1) Let D{mQ,m) be the derivation algebra of A{mQ,m). From now on¬ 
wards we let s and r to be in F and Sq and tq to be in Fq. 

For 0 <i <n define Di(so,s) = which acts on A{mo,m) as 

derivations. It is well known that D{mo,m) has the following basis 

{A(so,s)|0 < i < n, So e Fo,s e F}. 

Let di = and it is easy to see that 

(2.1.1) [tlH^daA^t^db] = - s,C+^“r+^do. 

(2.2) D{mQ,m) acts on Z{mo,m) in the following way 

n 

( 2 . 2 . 1 ) + 

p=0 

(2.3) It is known that D{mQ, m) admits two non-trivial 2-cocycles with values 
in Z{mo,m). See [BB] for details 

n 

ipi{tQ°rda,to°t''db) = -Sorb^rpto°+^°r+^iFp, 

p=0 

n 

V2{foH'^daAlH^db) = 

p=0 

(2.4) Let (f be arbitrary linear combinations of (fi and (f 2 - Then there is a 
corresponding Lie algebra 

(2.4.1) r = L(g, a) © Z(mo, m) © D{mo, m). 

The Lie brackets are dehned in the following way in addition to 1.8.1 
and 1.8.2. 

(2.4.2) [C^da, X{ko, k)] = kaX{ko + ro,k + r), 

n 

(2.4.3) [tl°rda,rH^Kb] = 

p=0 

(2.4.4) [t^H^da, + ip{fQ°t^da, B°Bdb), 

where r, s G F, tq, Sq G Fq, X G g{ko, k). 


3 Assumptions and automorphisms. 

In this section we will make some assnmptions on L{q, a) which will hold 
thronghont this paper. We will also dehne a class of antomorphisms on r. 

(3.1) Assnmptions 

(3.1.1) 0 ( 0 , 0 ) is simple Lie algebra. 

(3.1.2) We can choose Cartan snbalgebra I)(o) and t) for 0 ( 0 , o) and 0 snch that 


fl(o) ^ f)- 


(3.1.3) It is known that Aq = A( 0 (o, o), f)(o))\{0} is an irreducible reduced 
hnite root system and has atmost two root lengths. Let Aq be the 
set of non-zero short roots. Dehne 



A(( U if A(( is of type Bi 


Aq otherwise 


Ao,en — ^0,en ^ {0}- 


We assume that A( 0 ,1)(0)) = Ao,en- 

(3.2) Remark These assumptions are true for any Lie Torus. See Proposi¬ 
tion 3.2.5 of [ABFP]. 

It should be mentioned that Lie Torus are very important class of Lie 
algebras and give rise to almost all Extended Affine Lie algebras. See 
[ABFP] and references there in. 

(3.3) Change of co-ordinates 

In this subsection we will dehne a class of automorphisms for the Lie 


algebra 


r(l, 1) = 0 (g) A © flA/dA © D{1, 1). 


It is standard fact that GL{n + 1, Z) acts on and we denote the 
action by dot. Let B = (bij) G GL{n+l, Z), then dehne automorphism, 
again denote by B on r(l, 1 ). 


Let = t(fco, k), then define 

B-x(^t{ko,k) = X 

n 

B ■ t{ko, k)Kj = 

p=0 

n 

B ■ t{ko, k)dj = 

p=0 

where B~^ = (cpj). 


This is what we call change of co-ordinates. We will use this change 
of co-ordinates without any mention and just say ”upto choice of co¬ 
ordinates” 


4 Root space decomposition and integrable 
modules for r. 

(4.1) First note the center of r is spanned by Ko,Ki, - ■ ■ , Kn- 

Let if = f)(0) © ^ CJLj © ^ Cdj which is an abelian Lie algebra of r 
and plays the role of Cartan subalgebra. 

Define <5*, Aj G H*{Q <i<n)he such that 

(4.1.1) 

Ai(t)(0)) = = 0, 

5,(f)( 0 )) =0,S,{Kj)=0,6,{dj)=6,j. 

n 

Let 5k = ^^kiSi for k G Z". 

i=l 

(4.1.2) Let g{ko, /c, a) = {x G Q{ko, k)\[h, x] = a{h)x for all h G f)(0)} 
then r has a root space decomposition. 

(4.1.3) r = 0r/3 

/3eA 

where A C {« + ko5o + 5^, a G Ao,e„, k^ E Z,,k ^ Z”}. 

Ta+koSo+Sk = 5(ko, k, a) © for a 7 ^ 0, 

n n 

Tko5o+s, = Q(ko, k, 0) © © 0Oo"“t"d. 

2=0 2=0 


Notice that Tq = H. 


(4.1.4) Now we will define a non-degenerate bilinear form on H*. For a G f)(0)* 
extended a to by a{Ki) = a{di) = 0,0 < i < n. 

Let {m,K^) = 0 = {m,d^), 

(^/c 61 (^/q) 0 ^p) ^ 

{Si,Aj) = 5ij. The form on [)(0) is the restriction of the form (,) on 0 . 

(4.1.5) For 7 = a -|- /cq^o + is called real root if a 7 ^ 0 which is equivalent to 
( 7 , 7 ) 7 ^ 0. Denote be the set of real roots. For 

a G Ao,en, denote oA the co-root of a. 

n 

Dehne 7 ^ = - 1 - for 7 real. 

i=0 

Then 7 ( 7 '^) = a{a'^) = 2. 

For 7 real root, dehne rehection on H* by 

r,(A) = A-A(7^)7,7ei/L 

Let W be the Weyl group genarated by 7 G 

(4.2) A module D of r is called integrable if 

(4.2.1) V= 014,14 = {v e v\hv = \{h)v,he iL},diml4 < 00, 

xeH* 

(4.2.2) Q{ko, k, a) 0 tQ°t’^ acts locally nilpotently on 1/ for a 7 ^ 0. 

Let P{V) = {7 G H*\V^ ^ 0}. 

The following Lemma is very standard. 

(4.3) Lemma Suppose V is an irreducible integrable module for r. Then 

(4.3.1) P{V) is W- invariant. 

(4.3.2) dim 14 = diml4,.y for all w G W. 

(4.3.3) For a G A'’®, A G P{V) we have A(a^) G Z. 

(4.3.4) For a G A"% A G P{V). If A(a'') > 0 then A - a G P{V). 


(4.3.5) For A G PiV), \{Ki) is a constant integer. 


The purpose of this paper is to classify irreducible integrable modules for 
r with non-zero central action. 

For an irreducible integrable module with non zero central charge, we can 
assume that Kq acts as Cq > 0 and Ki{i ^ 0) acts trivially upto a choice of 
co-ordinates. See (3.3). 

5 Existence of highest weight 

Throughout the rest of the paper we £x an irreducible integrable module for 
r with Kq acting as Co > 0 and Ki{i ^ 0) acts trivially. Notice that for any 
A G P{V), X{Ki) = Ci = 0 ioT 1 < i < n and A(iFo) = Cq. Given a A G H* 
let A' denote the restriction to f)(0). Given a A' in 1)*(0), extend to H by 
A'(iFj) = X{di) = 0. Then A can be uniquely written as 

n n 

(5.1) X = X' + Y,X{d,)6, + Y,KKi)A,. 

i=0 i=0 

For A G P{V) 

n 

A = A' -|- X(do)do + ^X(d,)d, + X(Ko)Ao. 

i=l 

Put A = A^ -|- A(do)<5o + A(JFo)Ao, 

n 

SO that A = A -|- ''^^X{di)5i. Let ao = —/So + 5o where /So is maximal 

i=l 

root in Ao,en- Note that ao may not be root of r. 

Let «!, 02, • • • , (Up be a set of simple roots for A{g(o,o), ()(0)) and let 

p 

Q+ = Dehne an ordering on H*,X < /i for A,/i G H*, if 

i=0 

/i — A G Q^. Notice that in this case fi{di) = X{di) for 1 < i < n. 

(5.2) Proposition Assumptions as above. Given a /i G P{V) there exists a 
A G P(y) such that p < A and A -|- a ^ P(y) for all a > 0, where A is 
dominant integral. 

Proof The proof of the Proposition follows from the results of Section 
6 of [E4]. We will briefly sketch the proof. Suppose the Proposition 
is false. Then the conclusion of Proposition 6.5 of [E4] holds and it 
will lead to contradiction as explained in the proof of Theorem 6.1 of 
[E4]. Also note that the proof in [E4] is worked out only for n = 0 but 


holds for any n. Here we need to observe in the construction of Aj’s in 
Proposition 6.5 of [E4], the 5k-, fc G Z"" does not appear. In Proposition 
(5.2) A is clearly dominant. 

(5.3) Theorem Let V be an irreducible integrable module for r with Kq 
acts as Co > 0 and Ki acts trivially. Then there exists 7 G PiV) such 
that 7 + /3 + ^ -P(E) for any /3 > 0 and for any k G IP. 

Proof Suppose the theorem is false. First some word about notation. 
The (5's that occur below are always linear combinations of 5i, • • • ,5n- 

n 

Fix Ai G Piy) and let 5{g) = ^^A(di)5i. Note that (Ai,5j) = 0 for 

i=l 

1 < i < n which follows from unique expression 5.1. Choose yUi as in 
the Proposition (5.2). Then Ai < ni and ni + a ^ PiY) for a > 0. 
By assumptions there exists a root /3i + 5(1) with /3i > 0 and 5(1) 7^ 0 
such that 

A2 = /ii+/9i + 5(l) gP(H). 

Notice that A2 = A2 + 5{g) + 5(1) and Ai < < A2. 

By repeating the argument inhnitely many times we get dominant in¬ 
tegral weights Hd G PiV) and roots (3^ + 5(5) such that > 0 and 
5(5) 7^ 0 such that 


(5.3.1) 

-^d+i — k'd + (3d + 5(5) G PiV). 


(5.3.2) 

g.d + (3 ^ PiV) for all positive (3. 


(5.3.3) 

Arf ^ fJ-dj 


(5.3.4) 

^d P g^d ^ Arf+i < gd+ii 



It is easy to see that 


(5.3.5) 

gd = gd + 5ig) + 6'id), where 5'(5) = 

d 



k=l 


We also have 


(5.3.6) 

hdi < for 5i < 52. 


(5.3.7) 

(/irf -|- (3d, (3d) > 0, as gd is dominant 

integral. 


(5.3.8) Claim — S'{d 2 ) + 6'{di) for di < d 2 . 


To see the claim note that from (5.3.5) it follows that 
hrfi -^{ 9 ) - ^'{di) < hd2 -d{g) - d'{d2). 

The inequality still holds if we add 6 {g) + S'{di) both sides. The claim 
follows. 

Now there exists di < ^2 such that 6 '{d 2 ) — S'{di) = dg for some s G T. 
We know that + <^(^2) G A. It follows from the dehnition of r that 

Pd 2 + d{d 2 ) + d'{d 2 ) — d'{di) G A. 

Now from (5.1) and (5.3.7) it follows that 

(hrf2 + (dd 2 + <^(<^2), Idd 2 + ^(<^2) + d\d 2 ) — d'{di) > 0. 

From (4.3.4) it follows that 

hrf2 + '^^('^i) ~ d'{d2) G P(y). 

But by claim it follows that 

g^di < 9‘d2 + d'{di) — 6'{d2), 

which is a contradiction to (5.3.2). This proves the Theorem. 


6 Triangle decomposition 

(6.1) We will now define triangular decomposition for r. Let Z = QA/dA. 
Let 



= 0 Q{ko,k,a)®tlH\keIA-, 


OL + kQ5Q>0 

^■( 0 W) 

= 0 Q{ko,k,a)®tQ°t^,keZ^; 


a+ko5o<0 

L°( 0 ,a) 

= 00 ( 0 ) k, 0 )t^; 



D^{mo, m) 

= 0 CCUd,,sGF; 


0<i<n 

so>0 

D~{mo, m) 

= 0 CCUd„sGF; 


0<i<n 

so<0 

D^{mQ, m) 

= Ct^di, s G F; 


0<2<n 

Z+ 

= 0 C^H^K^ser- 


0<i<n 

so>0 

Z- 

= 0 a^W„sGF; 


0<i<n 

SQ<0 

ZO 

= 0 CfKi, s G F; 


0<i<n 


= L^( 0 , a) © Z+ © L)+(mo, m); 

T~ 

= L~{g,a) © Z“ © D~{mo,m); 

rO 

= L°( 0 , cr) © Z° © D°{mo, m). 

Then clearly r = r“ © 

© r’*' is a triangular decomposition. 

Let T = {n G V\t^v = 

0} 7 ^ 0 by Theorem 5.3 

Proposition: T is a r 

module and in fact irreducible as r°- module. 

Further V = U(t~)T. 


Proof It is easy to check that C r’*'. From this it follows 

that T is a r°- module. Now from PBW theorem, we have 17(t) = 

U(t~)U(t^)U(t~^). ( Here 1/ denotes the universal enveloping algebra.) 


Using this and the fact that V is r-irreducible, it follows that T is 
irreducible and V = U{t~)T. Recall that {di, • • • ,d„} C D^{mo,m) 
and hence T is 7A- graded. 

Let Tfc = {n G T\diV = {X{di) + ki)v, 1 < i < n} 


where A is a fixed weight in P{V). We will now record some result on 
T which can be proved similarly as in [JM], [EJ] and [F J]. 

(6.3) Lemma 

(6.3.1) For V E T\{0},EKqV 7 ^ 0 for all s G F. 

(6.3.2) dimTfc = dimTfc _|_5 = V s G F. 

(6.3.3) Let Vi{k), V 2 {k), ■ ■ ■ ,n 4 (/c) be abasisofT^. Letr’j(s+/c) = -^EKoVi^k), 
then {wi(s + k), - ■ ■ ,Vd,^{s + k)} is a basis of Tk+s- 

(6.3.4) ^EKo{vi{k + r),--- ,n 4 (/c + r)) = {vi{k + r + s), ■ ■ ■ ,Vd^^{k + r + s)) 
for all r, s G F. 

(6.3.5) h^E{vi{k + r), ■ ■ ■ ,Vd^^{k + r)) = X{h){vi{k + r + s), ■ ■ ■ ,Vdi^{k + r + s)) 
for h E f)(0) and all r, s G F, where A is a fixed weight of PiV). 

(6.3.6) PdQ{vi{k + r), ■ ■ ■ ,nd^(/c + r)) = \{dQ){vi{k + r + s), ■ ■ ■ ,Vdt,{k+ r + s)) 
for all s, r G F and for a fixed A G P{V). 

(6.3.7) PKp •T = 0 l<p<n,r eT. 

(6.3.8) PKq ■ PKq ■ V = CqP^^Kqv \/v E T and r, s G F. 

7 More notation and co-finite ideals 

( 7 . 1 ) Let DerA{m) be the derivation algebra of A{m). Let ei,--- , e„ be 
the standard basis of C"' and let u = '^UiCi G C"'. Let D{u,r) = 

n 

y^Ujf di,r E F. 

i=l 

( 7 . 2 ) From the earlier section T can be identified with <S) A(m) where 
can be identified with 

©T;, 

0<ki<mi 

l<i<n 

(7.3) Now D^{mo,m) is spanned by Pdi,r E T,0 < i < n. Thus D^{mo,m) 
can be identified with DerA{m) 


can be identified with as the rest of the space acts trivially 

rer 

on T. Thus Z) A{m) is an irreducible module for 

L = L°(g, a) © DerA{m) © do © A{m), 

rer 

where we identify ''^^CfKo by A{m) and Kq goes to which is 

rEF 

well defined by 6.3.8. 

(7.4) We note the following 

= X{do)v © for r, s e T, n e V^. 

(7.5) Let g= {X e 0 |aoX = X, [h, X] = 0, h e 1)(0)} 
the following is easily checked. 

(7.5.1) ©( 0 ) C 0 for 1 < i < n. 

(7.5.2) 0 = ^4h 0 ^ is a natural 

keA 

A- grading where 0 ^= {X G0 |©X = 1 < i < n} 

The corresponding multiloop algebra is denoted by 

^( 0 w) = 0 % 

keA 

O 

It is clear that L^{g,a) = L{Q,a). 

O o 

When we say X{k) = X ^ T( 0 , a) we always mean X G 0 ^. 

Thus L = L( 0 , cr) © DerA{m) © A{m) © 

rer 

(7.6) The brackets in L are given as follows : 

(7.6.1) [7f(fc).y(()] = [x,y](fc + (). 

(7.6.2) [D{u, r), D(n, s)] = D{w, r + s) where w = (u, s)v — {v, r)u, 

(7.6.3) [D{u,r),t"] = 


(7.6.4) [D{u, r),X{k)] = {u, k)X{k + r), 


(7.6.5) [D{u,r),t^do] = {u, s)t'^~^^do. 

Now we would like to classify the irreducible L- module $§ A{m). 

We need some preparation for that. 

(7.7) For k G Z”, X e0|: and ri, r 2 , • • • , G F, dehne 

X(fc,ri, • • • ,rd) = X{k)-Y, X{k+ri)+y^X{k+ri+rj)+- ■ ■ {-lfX{k+ 

i<j 

ri + r2-\ -h rd) 

O 

Let Fd be the subspace of L(0,cr) spanned by X(/c,ri,--- ,rd). It is 

O 

easily checked that Fd is an ideal in L(0, a) 

(7.8) Lemma 

(7.8.1) Fd C Fd-i 

(7.8.2) [Fd,Fd]CFd+i 

Proof- Note that X(/i;,ri, ■■■ ,rd) = X{k,ri, ■ ■ ■ ,rd-i)-X{k+rd,ri, ■ ■ ■ ,rd-i) 
which proves (7.8.1). 

O O 

Now consider for l,k E Z", ri, • • • , r^, s G F, X EQ-j:, Y Edj- 
[X{k,n,--- ,rd),Y{l)-Y{l + s)] 

= + ,rd) 

-[X,Y]{k + / + s,ri, • • • ,rrf) 

= [X,Y]{k + /,ri,r2, ■■■ ,rd,s) E Fd+i- 

By the above note we see that Fd is spanned by vectors X{k)—X{k + s). 

Thus from above (7.8.2) follows. 

(7.9) In this subsection we recall some facts from [E2] on DerA{m). Let 
I{u, r) = D{u, r) — D{u, 0), u G C”, r G F It is easy to check. 

(7.9.1) [I{u, r), I{v, s)] = (n, r)I{u, r) — {u, s)I{v, s) + I(w, s + r) 
where w = (u, s)v — (v, r)u 

Let / be the space spanned by I{u, r),u E C"', r G F which can be seen 
as subalgebra of DerA{m). 

(7.10) For d > l,u E C”, Si, • • • ,Sd,rE F, 

Let Idiu,r, si, S 2 , • • • , Sd) = I{u,r) - ^/(n,r + Si) + ^J(n,r + Si + 

i i<j 


Sj) + • • • + (—r + Si + S 2 + • • • + Sd) 

Let Id be the space spanned by Id{u, r, si, S 2 , • • • , Sd) for 

u e C",r, si, • • • Srf e r. 

The following is proved in [E2] 

(7.11) Lemma 

(7.11.1) Id is a. co-finite ideal in I. 

(7.11.2) Any co-£nite ideal of I contains Id for large d. 

(7.11.3) h = I and I/h — gin- 

8 Finite dimensional modules 

(8.1) Let W be the subspace of 0 A{m) spanned by vectors of the form 
fo.n(s) — v{s) for r, s G L and v G fob 

Let L= I x L(0, a) 

(8.2) Lemma- Ifo is an L ©A(m) © module. 

rer 

Proof- It is easy to check using the following 

[D{u, r) - D{u, 0),X{k)] = {u, k){X{k + r) - X{k)), 


[D{u,r)]-D{u,0),t"] = 0 , 

[L(0,a), A(m)] = 0, 

[Edo,A{m)] = 0. 


Let fo= (fo^ © A{m))/W which is an L- module. Notice that A{m) © 

Zcr do acts as scalars on fo and hence we ignore them. We would like to 
rer 

prove that fo is completely reducible L-module. 

(8.3) Recall that the Lie brackets in L are given by 

(8.3.1) [I{v, s), I{u, r)] = (m, s)I{v, s) — {v, r)I{u, r) + J(tc, r + s), 
where /(m, r) = D{u, r) — D{u, 0) and w = {v, r)u — {u, s)v 


(8.3.2) [I{v, s),X{k)] = (v, k)(X(s + k)- X(k)), 


(8.3.3) [X{k),Y{l)] = [X,Y]{k + l), 


where X ^ g^,Y G g^-, k, I G Z"', r, s G F and n, n G C”. 

(8.4) Recall that we hxed A G P{V). Let = X{di) Let a = X] “*6* ^ 

and let Vi is an L- module. Then we will dehne L- module structure 
on L{Vi) = Ri <8 An- 

X{k)-vi^t’' = {X{k)vi) ^ , 

D{u, r) ■ vi®t^ = (/(u, r)vi) <8 + («,/ + a)vi ® 

Pdo • Ui <8 = A (do) • Vi (8) 

where Ui G Ri, /, /c G Z", r, s, G F. 

We need to check the brackets in (7.6). We will hrst check (7.6.4). Consider 
D{u, r)X{k){vi 0 t^) = D{u, r){{X{k)vi 0 t*+^) 

= J(m, r) • X{k)vi 0 + (u, / + fc + a)X(A;)ni 0 

Consider 

X{k)D{u, r){vi 0 t^) = X{k){I{u, r)vi 0 + («,/ + a)ni 0 t^+'’) 

= X{k)I{u, r)vi 0 -I- (^i^ / -I- a)X{k)vi 0 

Now we will use the fact [/(n, r),X{k)] = {u, k){X{k + r) — X{k)). 

So {D{u, r)X{k) - X{k)D{u, r)) • (m 0 t') 

= (u, k){X{k + r) - X(A;))ni 0 + (n, k)X{k)vi 0 

= (u, k)X{k + r)vi 0 
= (u, k)X{k + r)(ni 0 t'). 

This proves (7.6.4). 

We will now check (7.6.2). 

Consider 

D{v, s)D{u, r){vi 0 t'') = D{v, s){I{u, r)vi 0 + («,/ + a)vi 0 t^+^) 

= /(n, s)/(m, r)ni 0 / 4 -q,) jig) ^^+?’+s 

+ (m, / + a)I{v, s)vi 0 + (uj + a){v, I + r + a)vi 0 

Similarly we have 
D{u, r)D{v, s){vi 0 t’') 

= I{u, r)I{v, s)vi 0 


+ {u,l + s + a)I{v, s)f 1 ^ 

+ {v, I + a)I{u, r)vi (g) 

+ (f, I + a){u,l + s + a)vi 0 
Now we will use (8.3.1) 

So 

{D{v, s)D{u, r) — D{u, r)D{v, s))vi (g) t’' 

= ((m, s)J(u, s) — (u, r)/(M, r) + /(w, r + s))ui (g) 

+ (u, r)I (u, r)ui (g) 

— (m, s)/(u, s)ui 0 
+ (w, I + a)ui 0 
= D{w, r + s)(ui 0 t’') 

This proves (7.6.2) 

The remaining brackets 7.6.1, 7.6.3, 7.6.5 are trivial to verify. 

(8.5) Recall 

(8.5.1) T is an irreducible L-module from Proposition 6.2. 

(8.5.2) V is an L-module from Lemma 8.2. 

(8.5.3) L{v) is an L-module from (8.4). 

We will now establish that T is contained in L{v) as L-modules. 

For Vk E Tk, let Vk be the image in V= TjW. 

Let T L{V) 

{vk) =Vk®t^,ke IP. 

(8.6) Lemma T’ is an L-module map. 

Proof Consider ^ {D{u, r)vk) = D{u, r)vk 0 . 

Now 

D{u, r){vk 0 t^) = {D{u, r) — D{u, 0))vk 0 
+ {u, k + a)vk 0 
= D(m, r)vk 0 


Thus we have verihed {D{u,r)vk) = D{u,r) ^ (vk). 





The rest of the relations are easy to verify. Cleary is a non-zero map 
and since T is an irreducible L-module we have T C L{v) as L-module. 

(8.7) Theorem V is completely reducible as L- module and all components 
are isomorphic. 

We will prove some results before proving Theorem (8.7). 

( 8 . 8 ) Proposition Let 0 be a Lie algebra. Let Vi,V 2 , ■ ■ ■ , W be mutually 
non-isomorphic irreducible g-modules. Suppose W is a non-zero g- 

n 

submodule of Vi. Then there exists S' C {1, 2, • • • , n} such that 

i=l 

i£S 

n 

Proof Let iif Vi —)■ Vj be the natural projection. Let =71 j \W. 

i=l 

Let S = {jjvTj 7 ^ 0}. Suppose j G S', then 7 rj{W) ^ 0. Since Vj is 
irreducible, it follows that T 7 j{W) = Vj. Clearly 

W c 0 V-. 

teS 

Claim 

w = ^Vj. 

JeS 

Note that the claim proves the proposition. We prove the claim by 
induction on n. Certainly the claim is true for n = 1. Let w & W 
and write w = Vi^ + Vi^ -f-... + where 0 7 ^ Vi. G Vi^ Then we dehne 
l{w) = k. We will now prove the claim for n = 2. Suppose l{w) = 1 
for all tc G IT, then clearly IT = W or IT = V 2 and hence we are done. 
Suppose l{wo) = 2 for some Wq G IT. Then wq = ^ 1+^2 and 0 7 ^ Uj G T 
for i = 1 , 2 . As noted earlier we have 7 ri(lT) = T and 7 r 2 (lT) = T 2 . 
Suppose kervTi = ker 7 r 2 = 0, then IT = 7 ri(lT) = Vi for i = 1 , 2 . 
This proves that Vi = V 2 as g-modules, which is a contradiction. Now 
suppose kerTTi = 0. Then there exists w G kervri and w = 

G Vi and G T 2 - But 0 = 7 ri{w) = v^. Hence G IT. This 
proves V 2 G W. Recall that Wq = Vi + V 2 E W. It now follows that 


Vi and hence Vi C W. Thus Vi + V 2 = hh and we are done. This 
completes the claim for n = 2 . 

Now assume the claim for n — 1 and we prove it for n. Note that n > 3. 

Suppose S' ^ {1, 2, • • • ,n}. Then as noted earlier W ^ Vi and by 

ies 

induction the claim follows. We can now assume that S = { 1 , 2 , • • • ,n}. 
Suppose kervTj = 0 for all i. Then W = 7rj{W) = Vj for all j. This 
proves that Vj = Vi for all i and j, which is a contradiction to our 
assumption. We can now assume that kervTj 7 ^ 0 for some i. Let w G 
kervTj and write w = Vi + V 2 + ■ ■ ■ + Vn^Vj G Vj. Now Vi = Tii^w) = 0. 
This proves l{w) < n. Let Wi be the submodule generated by w. 
Then clearly Wi C ^^Vj. By induction it follows that there exists 

Ti ^ {1, 2, • • • , n} such that Wi = Vj ^ W. Let T 2 be the maximal 

i 6 Ti 

subset of {1,2,-•• ,n} such that V; C W. To prove the claim 

i 6 T 2 

it is sufficient to prove T 2 = { 1 , 2 , ••• ,n]. So suppose there exists 
j ^ T 2 . Since T^jiW) 7 ^ 0, there exists tc G W such that vrj(tc) 7 ^ 0. 
This proves w ^ 14- Now it is easy to hnd W 2 & W such that 

k&T2 

W 2 = Vi^-\ -hUii and 0 7 ^ G Vi. and (4, * 2 , • • • , b}nT 2 = 0. Now let 

i 

W 2 be the submodule generated by W 2 . Note that IL 2 C © Vij. Now 

i=i 

by induction we can find T 3 such that T 3 n T 2 = 0 and W 2 = 14 - 

kGTs 

Thus Vi G W which contradicts the maximality of T 2 . Thus 

iGT 2 Ur 3 

T 2 = ( 1 , 2 , • • • , n} and proves the claim. 

(8.9) Lemma V is graded irreducible L-module. 

Proof Recall that V and L are A-graded. Further using the map 
T (T) as L-modules. We will hrst note that the L-module 
generated by k E TV is equal to the L ©A(m)-module generated 

hj Vk ®t^,k G Z"". This follows from the fact 


D{u, r){vk ® t^) = /(m, r)vk ® + {u,k + a)vk ® 



and 


f.Vk = Vk'^ 


Also note that acts trivially on V- From this it is easy to see that V 
is graded irredncible. 

We will now prove a decomposition theorem for L{V) as L-module. 

First we give some notation. Recall that 

0 A 

pgA 

Let p G Z"" and p G A. Dehne 

L(R)(p) = {Vk 0 GRp,r G F, A: G Z"}. 

V ^ 

Clearly L{v){p) is closed under A{m) and y jCf dp. 

rer 
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Consider for X G0i, 

X{l).{vk ® o G L{v){p). 

D{u, k+r+p+a)vk®t^+^^P+\ s G F. 

We see that the above vector belongs to L{v){p)- Thus L{V){p) is an 
L-module. Clearly 

L(R) = 0L(R)(p) 

pgA 

which is a hnite sum of L-modules. We have seen already that T = L{V 
)(0) as L-modules and in particular L(l/)(0) is an irreducible L-module. 

(8.10) Proposition Each L{V){p) is an irreducible L-module. 

Proof Consider the map for a fixed p G Z” such that p 7 ^ 0, 

7r(p) :L(R)(p) ^L(R)(0) 

7r(p)(nfc 0 t’^+^+P) =Vk® 

It is easy to see that 7 r(p) is a vector space isomorphism and not a 
L-module map. For example 


{u, k+r+p+a)vk®t’^~^'"^^ = di{v 7 ^ di{vk®t’^~^^) = {u, k+r+a)vk®t^^^. 




Now suppose ly is a non-zero proper submodule of L{V){p)- Clearly 

7 r(p)(iy) is a non-zero proper subspace of L(l/)(0). To prove that 

L{V){p) is irreducible, it is sufficient to prove that 7r(p)(iy) is an L- 

module. Since 7r(p) commutes with L{q, cr)©y4(m)© h follows 

rer 

that vr(p)(iy) is a module for the above space. Since hh is a weight 
module, it is easy to check that vr(p)(iy) is also a weight module. Let 
tc = Ufc © G vr(p)(iy) be a weight vector, then 

k+r+p+a)vk®t’^+^^^^P G W. 


Also 

t^(vk © = ufc © t^+’^+^+p G ly. 

This proves I(u, s)vk © -j- -i- r + a)vk © t^+^~^^+P e ty. 

This means 7r~^(p)(D(u, s)(vk © G W. So D{u, s){vk © G 

7 r(p)(iy). Thus vr(p)(iy) is an L-module. This proves that L{V){p) is 
irreducible L-module. 

It is possible that some of the modules in L{v) are isomorphic. We 
need to develop the notion of graded automorphisms of V- 

(8.11) Definition An L-module automorphism d of y is called p-graded if 
=Vk_p for all keA. 

(8.11.1) In this case dim V-j: = dim 

( 8 . 11 . 2 ) Suppose d is a p-graded automorphism of V- Choose minimal integer 
Ap > 0 such that Np.p = 0 in A.Then clearly Vk—Vk- Thus there 
exists a vector v in such that = Xv for some non-zero scalar 
A. Consider the space 

ly = {n Gy \6^^v = An}, 

which can be seen as a graded submodule of V- Since V is graded 
irreducible by Lemma 8.9, we see that ly =y. Thus 6^p = A on y. 
Now by suitably multiplying d by a scalar we can assume 9^p = 1. 




So here after we will work only with graded automorphisms of hnite 
order. Recell we have fixed a G C” from 8.4. For any L-module V, we 
define 

14 = {n G V\D{u, 0)n = {u,k + a)v}, 
for A; G Z"". Thus we have 

L{V)k = ^ L{v){p)k- 

pga 

(8.12) Lemma dim Vk = dim L{v){0)k = dim L{V){p)k+p- 
Proof Proof follows from the definitions of L{V){p)- 

(8.13) Suppose 6^ is a p-graded automorphism of V and Np be the order. Then 
6 dehnes an L -module isomorphism 

e' L{v){0) ^ L{v){p) 

0'(Ta: ® a"+") = 0(Tfc) 0 

It is easy to check that 9' is an isomorphism of L-modules. Suppose 
there exists an L-module isomorphism 9' from L(l/)(0) to L{V){p), 
then /c-weight vectors go to /c-weight vectors under this isomorphism. 
Thus 

9'{vk (8) t^) = Wk-p 0 t^. 

We now define 9{vk) = Wk-p- This can be checked to be p-graded 
automorphism of V and can be assumed to be of finite order. 

(8.14) Proposition There is a one-one correspondence between p-graded L- 
module automorphism of V and isomorphism between L(l/)(0) and 

Mv)(p)- 

Proof Proof follows from above discussion. 

(8.15) Lemma Suppose such an automorphism exists, then 

(1) dim V/: = dim V^_-, 

(2) dim L(v)(0)k = dim L(v)(0)k-p. 


(8.16) Corollary (1) dim = dim e Z. 

(2) dim L{v){jp)t^ = dim for any i,j e Z. 

Proof Repeated application of 6 . Note that 6 ^ is also an automorphism. 

(8.17) Theorem 1 / is an L irreducible module if and only if L{v){p),p G A 
are mutually non-isomorphic as L-modules. 

Proof We can suppose L(l/)(0) = L{V){p) for 0 7 ^ p G A. Then 
there exists a p-graded automorphism of V- Let Np be the order. For 
Vk £ Vki dehne 

Ffc(O) =Vk + 0{vk) H-h e^^~^{vk). 

It is easy to check that 9(yk{0)) = 11^(0). Let 

Mo= {vk{0),Vk G Vk, k G A}, where {} means the space generated by 
the vectors inside V- Clearly Mo is a non-zero proper submodule of V- 
This proves one side of the theorem. Now suppose L{V){p),p G A be 
mutually non-isomorphic modules. Suppose IT is a L submodule of V- 
Then clearly 

L(»V)cL(l?) = 0L(y)(p). 

pSA 

Then by Proposition 8 . 8 , we see that there exists S' C A such that 

L(ir) = 0L(y)(p). 

pSS 

This means L(l/)(p) C L{W) for some p. This means G L{W), 

which means Vk G W . By Lemma 8.9, the module generated by Vk is 
V- Hence W =V- This proves the other part of the theorem. 

(8.18) The aim is to find suitable irreducible L submodule of V- 

Suppose V is irreducible, then we are done. If not then, L(l/)(0) = 
L(v)(p). We will now hnd conditions for Mo to be irreducible. Let ( 
be the A^^pth primitive root of unity. Dehne 


Vk(i) =Vk + C^{vk) H-h ^{vk). 




It is easy to check that 6{vk{i)) = C * Vk{i). Let 


M^= {v eV |0(w) = C'v], 

which can be seen to be proper submodule of V- Further 

Np-l 

(8.19) V= Mi, which is an eigen space decomposition. 

i=0 

(8.20) Dehne Mi = {vk(i) <S) G G F}. It can be verihed to be an 

L-module and further 

Np-l 

M, C 0 L(v)(jp). 

1=1 

Claim Vk(i) 0 g Mi. 

It is easy to check that 

Vk{i) = C6’(Ffc(i)) = C^9^{vk{i)) = Wk-jp{i)- 

By dehnition Wk-jp{i) G Mi, thus Wk-jp{i)®t^~^^^'^ = Vkii) ® 

fk-j+r g Hence the claim follows. 

(8.20.1) In the Dehnition 8.20, one can replace F by Fp = F + Zp. Note that Zp 
is a hnite subgroup of A. 

(8.21) Lemma l)Mj = L(l/)(0)as L-module and in particular Mj is an irre¬ 
ducible L-module. 

iVp-l Np-l 

2) 0 Af. = 0 UV)Up). 

i=0 j=0 

Proof We know that L(V)(0) = L(V)(jp) and Mi is contained in 

Np-l 

L{v){ip)- Thus Mi is isomorphic to the sum of hnitely many 

1=0 

copies of L(l/)(0). We will now compare the dimensions of the weight 
spaces. 

Claim dim Vk = dim {Mi)k. 

Consider the map Vk Vk{i), which is clearly injective. The surjectiv¬ 
ity is also obvious and hence the claim. 

^From Lemma 8.12, we know that dim Vp = dim L(l/)(0)fc. This proves 
that the dimensions of the weight spaces of Mi and L(l/)(0) are same. 


Thus Mi = L(y)(0). In particular Mi is an ireducible L-module. It is 
easy to see that the sum at LHS is direct. Equality holds for dimensions 
reason. Hence both parts of the Lemma follows. 


(8.22) Let Zp be the cyclic group generated by p inside A. Let Ap = A/Zp. 
Consider 

Z^ ^ Z^/r = A ^ Ap. 

Let Lp be the kernal of the above map. 

(8.22.1) Note that each Mj is no more graded by A but by Ap. Similar to 
the proof of Lemma 8.9, one can prove that each Mj is Ap-graded 
irreducible. 

Let 0 = qo,qi, ...,qnp-i be a set of coset representative for Ap. Note 
that HpNp = |A|. Since 6* is a p-graded automorphism, we see that 

L{v){qi) = L{v){qi + p) • • ■ = L{v){qi + {Np - l)p). 

Np-l 

Put W{qi) = 0 L{v){qi+jp). 

1=1 

Dehne for 0 < i < Np, 0 < I < Up, 

Ml = {vk{i) ® e l7fc,r G P}. 

Note that = Mj. 

This can be verified to be an L-module and Ml C W{qi). 

Claim Ml is irreducible L-module and isomorphic to L{V){qi)- 
The proof is similar to the case I = 0 . From the dehnition of W{qi), 
we know that Ml is isomorphic to sum of L{v){qi)- As seen earliar 
for the case I = 0, dim {Ml)k^q^ = dim 1/p, by considering the map 
Vk Vk{i) ® But by Lemma 8.12, we know that dim Vj = dim 
HV){qi)k+qi- Thus 

(8.23) Ml = L{v){qi), and in particular Ml is irreducible. 

rip—l 

(8.24) Lemma L{Mi) = 0 M^ 

1=0 

Proof Proof follows from the Dehnition in (8.4). 


(8.25) We notice that R. H. S. in (8.23) is independent of i. Thus 

L{Mi) = L{Mj). 

Now we will record a simple fact. 

(8.26) Let Wi and W2 be L-submodules of V- Then Wi = W2 as L-modules 
if and only if L{Wi) = L{W2) as L-modules. The above follows from 
the dehnitions. We now have the following. 

(8.27) Proposition Mi=Mj. 

Proof Proof follows from (8.26). 

Now we have 

rip —1 

L(M.) = 0 M', 

1=0 

where each is irreducible L-module. This situation is similar to 
Theorem 8.17. We can now prove the following, whose proof is similar 
to Theorem 8.17. 

(8.28) Theorem We £x i. Mi is irreducible as L -module if and only if 
Ml, 0 < I < Up are mutually non-isomorphic as L-modules. 

Np-l 

Proof of the Theorem ( 8 . 7 ) Recall that V= Mi and all com- 

1=0 

ponents are isomorphic as L-modules, which follows from (8.19) and 

r-J 

(8.27). Further dim Mj< dim V- Suppose Mi is reducible as L-module, 
then we can repeat the above process. This process has to stop for di¬ 
mensions reasons. Hence the theorem follows. 

(8.29) To avoid more complex notation we assume that each Mj is irreducible 
L-module. 

9 Final Theorem 

In this section we will describe the L-module structure of Mi. We are assum- 
ing that each Mi is irreducible L-module. We will actually prove that Mi is 

O 

an irreducible module for the direct sum gin® 0- Recall that gin is a quotient 


of / from 7.11.3 and 0 is a quotient of L{g,a) by the map X{k) X G 0 p 
Here X{k) is identified by X.We will start with a simple Lemma. 

Suppose S' is a vector space such that S = ©Si- 

fceA 

An operator T : S' —)■ S' is called degree k operator if T{Sj) C S';_,_|:. The 
following lemma is trivial to see. 

(9.1) Lemma Suppose T is a degree k operator such that k ^ 0. Suppose T 
acts as a scalar A. Then A = 0. 

The following is well known. See Proposition 19.1(b) of [H]. 

(9.2) Lemma Let g' be a Lie algebra which need not be hnite dimensional. 
Let (Hi,p) be an irreducible hnite dimensional module for g'. We have 
a map p : g' —)■ End Vi. Then p(g') is a reductive Lie-algebra with at 
most one dimensional center. 

Let 01 and 02 be inhnite dimensional Lie algebra such that 0 i acts 
on 02 . Let g' = 01 X 02 be the natural semi-direct Lie algebra. Let J 
be an abelian ideal of 02 which will not be assumed to be a ideal of g'. 

(9.3) Proposition Suppose {V',p) is an irreducible hnite dimensional mod¬ 
ule for g'. We have p : g' ^ EndiV'). Then p(J) is central ideal in 
P(0')- 

Proof From above Lemma (9.2), it follows that p{g!) is a reductive Lie 
algebra. Since 02 is an ideal in g' we have p( 02 ) is an ideal in p( 0 ')- 
Thus p( 02 ) is reductive Lie algebra. Now we know that J is abelian 
ideal in 02 and hence p(J) is contained in the center of p( 02 )- This 
proves p(J) is actually contained in the center of p( 0 ')- In particular 
p(J) is an ideal in p( 0 ')- 

(9.4) Theorem Mi is actually an irreducible hnite dimensional module for 

O 

the direct sum gin® 0 - 
We need the following Lemma. 

(9.4.1) LemmaLet k G Z”, ri, r 2 , • • • , G T and d>l. Suppose X(/c, ri, • • • , r^) 
acts as a scalar A on V- Then the scalar A is zero. 


Proof First we note that if X G0 ng(o, o) then X G fl(0). This follows 
from the theory of hnite dimensional simple Lie algebras. Suppose k = 
0, then X G f)(0). From 6.3.5, it follows that X{k, r) = X{k) —X{k + r) 
is zero on V- Since X{k, ri, r 2 , • • • , Vd) is spanned by X{k,r),r G F, it 
follows that A is zero. Now suppose /c 7 ^ 0, then from Lemma 9.1, it 
follows that A is zero. This completes the proof of the Lemma. 

Proof of Theorem 9.4 Let p denote the L-module action on Mi and 
note that p is independent of i as all Mi are isomorphic. Consider 
(ker p) n / which is a co-£nite ideal of I. Thus from 7.11.2, it follows 
that (ker p) fl / contains Id for large d. Consider 

[I{u,k,ri,r 2 , - ■ ■ ,rd),X{l)] = +/, ri, r 2 , • • • ,rd) G kerp. (*) 

This proves Fd acts trivially on Mj. But we know that [Fd-i, Fd-i] F Fd 

O 

by 7.8.2. Thus p{Fd-i) is an abelian ideal in p(L(0, a)). By Proposition 
9.3 it follows that p{Fd-i) is a central ideal in p(L). It is well known 
that center acts as scalars on a hnite dimensional irreducible module. 
Thus X{k,ri,r 2 , ■ ■ ■ ,rd) acts as scalar on each Mi and the scalar is 
independent of i. Thus X{k, ri, r 2 , • • • , r^) acts as a single scalar on V- 
Now by Lemma 9.4.1, scalar is zero. Thus Fd-i acts trivially on each 
Mi. It now follows that p{Id-i) is an ideal in p(L) by (*). By Lemma 
4.2 of [E2], Id-i acts trivially. By repeating this argument finitely many 
times we see that I 2 acts trivially and F 2 acts trivially. Now from above 
argument we see that Fi acts trivially. Thus I 2 © Fi acts trivially on 
Mj. As noted in the beginning of the section we see that each Mj is a 

O 

module for gin® 0 and hence the theorem is proved. 

(9.5) By Lemma 2.7 of [iLL], there exists an irreducible module Pi of gin 
and an irreducible module P 2 for 0 such that Pi © P 2 =P as gin® 0- 
module. Regarding gradation, note that all vectors of / are grade zero 
and hence we can assume Pi is zero graded and P 2 is Ap-graded. 

(9.6) We will now describe L-module T in terms of Pi and P 2 . 

Let {Eij}i<ij<n be the standard basis of gin- From [E2] it follows that 


I{u,r) = 'Y^UirjrrijEji G gin is linear in both variables mod l 2 - 

Let u = UiCi and r = Y 

then -D(m, r) = D{u, 0) + ''^^UiTjmjEji mod 12- 

hj 

Let V 2 = 1 ^ 21 : be the Ap-gradation. 

k^A.p 

We will now define L-module o\iVi®V 2 


D{u, r){vi ® ^2 <8 t^) = {u,k + a)vi <^V 2 <S) 


X{l){vi ^V2® t^) 
V ■ Vi®V2® 
fdo ■ Vi ^ V2 ^ t’' 


+ ®V2® 

= Vi® Xv2 ® 

= ni ® ^2 <8 
= X{dQ)vi ®V2® 


From the above discussion we see that this module is isomorphic to 
L{Mi) as L-module. 

Let Nh V 2 ,k=V 2 be the Ap-gradation. 

Ap 

Then consider the submodule of L{Mi) 

Idi (8) V 2 ,k which is easy to see that it is isomorphic to Mj for 

fceZ" 

any i as L-module and hence irreducible L-module. By defining EKp 
to be zero for 1 < p < n we see that the above module is actually a 
r°-module. 


(9.6.1) We have seen that T = L(f/)(0) as L-modules from (8.6). But Mj = 
L(l/)(0) by 8.21. Thus it follows that = T &s L-modules for each i. 
Note that it is difficult to give direct module map between Mj and T 
as there is a twisting taking place. Thus we described T explicitly as 
L-module. Let M = Ind'!^^_^_^+T 

Then there exists a unique maximal submodule intersecting T 

trivially. Thus is irreducible and isomorphic to the original 

module V. 


(9.7) Theorem Let V be an irreducible integrable module for r with Kq 


acts as Co > 0 and Ki acts trivially. Let T and M as above. Then 
V = as r-modules. 
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